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Abstract 

Let H be the symmetric second-order differential operator on /^(R) 
with domain C£°(R) and action H(p = —(c<p')' where c G (R) is 
a real function which is strictly positive on R\{0} but with c(0) = 0. 
We give a complete characterization of the self-adjoint extensions and 
the submarkovian extensions of if. In particular if v = u + V V- where 
v±{x) = ± fj 1 c~ l then H has a unique self-adjoint extension if and 
only if v G" L 2 (0, 1) and a unique submarkovian extension if and only 
if v G" Loo (0,1). In both cases the corresponding semigroup leaves 
L 2 (0, oo) and L 2 (— oo,0) invariant. 

In addition we prove that for a general non-negative c G W^^R) 
the corresponding operator H has a unique submarkovian extension. 
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1 Introduction 



The theory of degenerate elliptic operators on R d displays a number of significant features 
which distinguishes it from the well understood non-degenerate theory. If the degenera- 
cies are weak then there is no great difference and the degenerate theory can still be 
described by the techniques of the non-degenerate case, e.g. Harnack-Sobolev-Poincare 
inequalities (see, for example, |Tru73j |FKS82j [FP83] [Fra9lj [BM95] |FLW95j |SW06j 
and references therein). If, however, the degeneracies are sufficiently strong the associated 
diffusion process can exhibit non-ergodic behaviour; the degeneracies can spontaneously 
introduce barriers and obstacles to the diffusion [ERSZ07J [RS07J. These properties can 
lead to quite unexpected phenomena such as cloaking and invisibility |PSS06j [Wed 08j . 

Despite the vast literature devoted to the subject many basic aspects of the degener- 
ate theory are neither well developed nor well understood. For example, C%°(R d ) is not 
necessarily a core for the degenerate operator acting on L2(R d ) and one has to consider 
boundary conditions at the barriers and obstacles. Moreover, these boundary conditions 
can have a substantially different nature to the classical conditions of Dirichlet, Neumann 
or Robin. Therefore in this paper we give a detailed analysis of the simplest situation, 
divergence-form operators in one-dimension. Although some of the most interesting fea- 
tures are not apparent in one-dimension the analysis does give a guide to possible features 
of the multi-dimensional case. 

Let x G R i— > c(x) be a real function in VF lo ' c (R) which is strictly positive on R\{0}. 
Define the second-order operator H on L 2 (R) with domain D(H) = C£°(R) by 

Hip = -(cipj = -ctp" -dip'. (1) 

Then if is a positive-definite, symmetric, operator on L 2 (R) with range in Li(R) flL 2 (R). 
Our aim is to study the self-adjoint extensions of H and the semigroups they generate. 
In particular we are interested in the submarkovian extensions, i.e. the extensions which 
generate submarkovian semigroups. One such extension always exists because the closure 
h of the quadratic form h associated with H, i.e. the form 

h(<p) = {(p,H(p) = / dxc{x) \<p\x)\ 2 (2) 

with domain D(h) = C£°(R), is a Dirichlet form. Therefore the corresponding self-adjoint 
extension Hp of H, the Friedrichs extension, is submarkovian. (For background on sub- 
markovian semigroups and Dirichlet forms see |FOT94] |BH91j |MR92j .) 

If c > on the whole line then H is essentially self-adjoint (see [DS63J, Corollary 
XIII. 6. 15) but the situation is complicated by a degeneracy at the origin. Then there is a 
trichotomy of self-adjoint extensions which can be indexed by the local properties of the 
functions u± defined by 

x > i— > v + {x) = J (fsc(s)" 1 and x > i— > V-(x) = J dsc(s)^ 1 . (3) 

These functions are if -harmonic, i.e. Hu± = 0. The choice ±1 as integral limits in their 
definition is arbitrary since only the behaviour of the functions at the origin is important. 
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Theorem 1.1 Assume c(0) = 0. 



I. If u + V v - $ -^2(0, 1) then H is essentially self-adjoint and the self-adjoint closure H 
of H generates a submarkovian semigroup S which leaves L 2 (— 00, 0) and L 2 (0, 00) 
invariant. 

II. If v+ V V— G £2(0, 1) but u + V V- G" Loo(0, 1) then H has a one-parameter family of 
self-adjoint extensions but only one extension generates a positive semigroup. This 
semigroup is submarkovian and leaves L 2 (— oo,0) and L 2 (0, 00) invariant. 

III. If v+ V za_ G Loo(0, 1) i/ien if /ias a one-parameter family of self- adjoint extensions 
none of which leave L 2 (— 00, 0) and ^(0, 00) invariant. Moreover, there is a one- 
parameter subfamily of submarkovian extensions. 

In particular H has a unique self-adjoint extension if and only if v+\J v_ ^ L 2 (0, 1) and 
a unique submarkovian extension if and only if v + V v_ (jL L^O, 1). 

The self-adjoint extensions of H can in part be described by classical boundary con- 
ditions. In Case [JJ all elements in the domain of the unique self-adjoint extension satisfy 
the condition (cip')(0±) = 0. In Case [III the same conditions characterize the domain of 
the unique submarkovian extension. In Case II I II the boundary condition for a general 
self-adjoint extension is given by 



where a, (3 G R 2 \(0, 0) and the submarkovian extensions are determined by the condition 
a (3 > 0. The non submarkovian extensions in Case [Til are exceptional. There is no 
comparable classification of these extensions and they do not have any obvious probabilistic 
interpretation. 

The uniqueness criteria in the last statement of Theorem II .11 are a measure of the order 
of degeneracy of c at the origin. If c(x) = 0(x 6± ) as x — > 0± then there is a unique 
selfadjoint extension if and only if either 5+ > 3/2 or 5- > 3/2 and a unique submarkovian 
extension if and only if either 8 + > 1 or 8- > 1. It is notable that it suffices to have 
a 'strong' degeneracy on one side. This one-sideness has been stressed by Weder in the 
context of cloaking | Wed08j . Theorem 2.5. Note also that these criteria are local properties 
and do not depend on the behaviour of c at infinity. Next we examine a different type of 
characterization of uniqueness. 

It follows from general operator theory that H has a unique self-adjoint extension, if 
and only if the range of (/ + H) is dense in L 2 (R). There is a similar characterization of 
uniqueness of the submarkovian extension by an Lx-range condition at least if the coefficient 
c satisfies a growth estimate. Define the positive increasing functions 



Then H[i± = 1. Since if is a second-order elliptic operator it is both dissipative and 
dispersive as an operator on Li(R). (see Section H]). In particular it is Lj-closable. Then 
the closure generates a positive contractive semigroup on Li(R) if and only if the range of 
(I + H) is Li-dense. 



(3 (W)(0+) - (cv0(0_)) = a (p(0 + ) - ^O-O) 




and 
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Theorem 1.2 Consider the following conditions. 

I. (/ + #)C c °°(R\{0}) is dense in Li(R). 

II. (I + #)C C °°(R) dense in Li(R). 

III. T/ie operator H has a unique submarkovian extension. 

T/ien[TNTTHnilanrf A £ L^oo) ^enUHND 

The proof of Theorem II. II is in two steps. First, in Section [21 we consider the analogous 
problems on the left and right half-lines. Secondly, in Section [3], we marry together the 
results for the two half-lines to obtain the description of the various extensions on the line. 
Our analysis on the half-line overlaps with the early work of Feller |Fel52j [Fel54j [Fel57] 
(see also |Man68j ) but our emphasis is different and the arguments are independent. Feller 
classified extensions of operators acting on L\, or on Cf,, which generate positive contraction 
semigroups. The boundary conditions v± G" Lqo(0, 1) are interpretable in Feller's terminol- 
ogy. The condition u + g" Loo(0, 1) states that 0+ is an inaccessible natural boundary (see 
|Man68| . pages 24-25). 

The L 2 -theory has, however, several different features not shared by the Lj-theory since 
there are L 2 -extensions which generate continuous semigroups which do not extend to L\ or 
Lqo. Moreover, the L 2 -arguments do not require any growth restrictions on c; there are no 
boundary conditions at infinity. The proof of Theorem 11.21 which is given in Section HI is, 
however, based on Li-arguments which depend in part on growth properties. The growth 
condition, fi + A /i_ g" A>o(l, oo), coincides with Feller's criterion for ± oo to be inacessible 
boundaries. The range conditions [J and [Til in Theorem 11.21 are of independent interest as 
they imply that the submarkovian semigroup is conservative. 

Our arguments extend to operators defined on finite intervals which are degenerate at 
both endpoints |Ulm92] [CMP98J. This is briefly discussed in Section [5] where we establish 
the following simple statement for operators with Lipschitz continuous coefficients for which 
the zero set might be quite complicated. 

Theorem 1.3 If c G W&°(R) is non-negative then H has a unique submarkovian exten- 
sion. 

The proof of Theorem 11.31 uses a mixture of L\- and L 2 -arguments. But these are all 
of a local nature and again no growth condition at infinity is necessary. 
Theorems 11.21 and 11.31 should have analogues in higher dimensions. 

2 The half-line 

In this section we examine the self-adjoint extensions of the restriction H + = H |c^°(o,oo) of 
H to the right half-line. The analysis of H_ = #|c°°(-oo,o) is similar. 

First, since c > on R\{0} the domain of the adjoint of H + is given by 

D(H* + ) = {if E L 2 (0, oo) n ACio C (0, oo) : ctff G AC loc {0, oo) , {ccp')' E L 2 (0, oo)} (5) 

and H^ip = —{cip')' for ip E D(HV). (The details of this identification are given in 
|Kat80j . Sections III. 2. 3 and III. 5. 5, under slightly stronger assumptions on c.) Secondly, 
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the domain of the closure H + of H + is obtained as the restriction of D(H+) by a boundary 
condition (see, for example, |Sto90j . Theorem 10.11, |DS63] . Section XIII. 2 or |Far75] . 
Section 13). In principle the boundary condition is the direct sum of a boundary value at 
the origin and a boundary value at infinity. But by an argument of Wintner (see (DS63J, 
Theorem XIII. 6. 14) there is no boundary value at infinity. Therefore 

D(H+) = D(H* + ) : B+((p, = for all tj) G D(H* + )} , (6) 

where the boundary value B + ( ■ , ■ ) is a bilinear functional over D(H1) defined by 



for all (p,ij) G D(H+). The limit in the boundary term exists although the limits of 
the individual terms in the expression do not necessarily exist. In the sequel we write 
x(0+) = lim x _ +0+ x{ x ) f° r an y function \ over (0, oo). It is implicit in this usage that the 
limit does exist. 

Proposition 2.1 Let v + be the harmonic function defined on (0, oo) by @. 

I. If v + £ L 2 (0, 1) then H + is essentially self-adjoint. 

II. Ifu + G L 2 (0, 1) then 

D{H + ) = We D(H* + ) : <p(0 + ) = = (v + c<p')(0 + )} g D(H* + ) (7) 

and H + has deficiency indices (1, 1). 

Proof of Proposition I2.1I H1 The proof relies on the following lemma. 

Lemma 2.2 Assume v + G" L a (0,l). If <p e D{H* + ) then (c(p')(0 + ) = = [ctp <p')(0+) ■ 

Proof If ip G D(H+) then lim a ._ >0+ ( c 0*0 = £ exists and if' ~ ec" 1 on (0,1]. But 
ip £ L 2 (0, 1) unless e = 0. So (cy>')(0+) = 0, 

(c<p')(x) = ds{cip')'{s) = - ds(H* + <p)(s) 



and (c(p')(x) = 0(x 1//2 ) as x — > + . Next we argue that lim x ^ 0+ ( c V 9 V 9 ') ( x ) exists. 

The coefficient c is strictly positive and bounded on each bounded interval [a, b ] with 
b > a > 0. Since ip G D(H*) one has G I/ 2 (a, b). Hence 



b r b 

l\2 



(fl»¥>-/ c|¥/| 2 = (cW)(a)-(W)(&)- (8) 

But the limit as a —>■ + of the left hand side exists although it is not necessarily finite. 
Therefore (c(p <p')(0 + ) exists and we next argue that it is zero. 

Suppose (cy?y?')(0 + ) > e > 0. Thus there is a 6 > such that (c(p(p')(x) > e/2 
for x G (0,5]. Moreover, (cy?')(x) = (^(x 1 / 2 ) as x — > 0+ by the foregoing argument. 
Therefore |y>(x)| > ax' 1 ! 2 as x — > + with a > unless £ = 0. But then e must be zero 
since ip G ^(0, 1). An identical argument applies if (ap <//)(0+) is initially assumed to be 
negative. □ 
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The symmetric operator H + is essentially self-adjoint if and only if (J + H + )C^°(0, oo) 
is dense in L 2 (0, oo). Assume there is a if) G L 2 (0, oo) such that (if>, (I + H + )ip) = for all 
up G C c °°(0,oo). Then \(if),H + (p)\ < HVIIa 1Mb so ip G and (I + H* + )ip = 0. But 

= -(c ipif)')(b) + / c|^'| 2 > -{cif)if)'){b) = -2-\c{i?)'){b) 



because (cif)if)')(0+) = by Lemma [2 .2[ Since if) is square-integrable if) 2 cannot be mono- 
tone increasing. Hence the derivative of if) 2 must take non-positive values for large b, i.e. 
there is a sequence b n —>■ 00 for which — (c (if> 2 )')(b n ) > 0. Then in the limit n — > 00 one 
concludes that (H^if),if)) > 0. Therefore 

IHi^<((/ + ff;)^) = o 

and so ■?/> = 0. Thus the range of (I+H + ) is dense, .£/ + is self-adjoint and D(H+) = D(HV). 
This completes the proof of Proposition I2.1IH1 □ 

The proof of Proposition 12.111111 is based on the following three lemmas. The first does 
not require any special assumption on the behaviour of v + . 

Lemma 2.3 Ifcp G D(H + ) then \(c(p')(x)\ < x 1 ^ 2 \\H + ip\\2 for all x G (0,1]. In particular 
(<v')(0.) 0. 

Proof Fix cp G D(H + ). Choose a sequence <p n G C£°(0, 00) such that \\<p n — (p\\ 2 — > 
and \\H + ip' n — H + ud\\ 2 — > as n — ► 00. Then (c</?^)(x) = — H + ip n and 

|(C^)(X) - (C^J(X)| < ^H^+^n - <p m )\\ 2 ■ 

Thus c<^ converges uniformly on (0,1] to a limit if). But c is strictly positive on each 
closed interval I C (0, 1]. Hence (p' n converges uniformly on I to c~ x if). In particular it is 
L 2 (/)-convergent to c~ 1 if>. Since <p n is L 2 (/)-convergent to <p and the maximal operator of 
differentiation is closed on L 2 (I) it follows that if) — ctp'. Therefore 



(c<p')(x) = \im(cv' n )(x) = - lim / ds(H + tp n )(s) = - / ds(H + <p)(s) . (9) 

Hence |(cv?')(z)| < ^ 1/2 ll^+vlb- D 

The second lemma gives control over the singularity of v + . 
Lemma 2.4 Assume v + G £2(0, 1). Then x x l 2 v+{x) — > as x — > 0+. 
Proof Suppose the statement is false. Then there exists a decreasing sequence 1 > Xi > 

1 /2 

X2 • • • > and an e > such that a; n ^+(x„) > £ > for all n > 1. But by passing to a 
subsequence if necessary one may assume that x n > 2x n+ \. Since v+(x) decreases with x 
one then has 

/ als v+{s) 2 > ^2 v{x n ) 2 (x n - x n+1 ) > ^2 v+{x n ) 2 x n /2 > (e 2 /2) ^ 1 

^° n>l n>l n>l 

which contradicts the assumption u + E L 2 (0,1). □ 
Combination of the foregoing lemmas leads to the following conclusion. 
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Corollary 2.5 Assume u + G L 2 (0, 1). If (p G D(H+) then (u + c(p')(0+) = 0. 

The final preparatory lemma is the following. 
Lemma 2.6 Assume u + G £2(0, 1). If (p G D(H + ) then <p(0+) = 0. 

Proof Fix </? G D(H + ). Again there is a sequence tp n G C£°(0, 00) such that ||y? n — V^lh — > 
and ||if + </4 — H + ip\\ 2 — > as n — > 00. But 



Jo 

for all x > 0. Therefore 

lfn{x)= dsc(s)- 1 dt( C (fQ'{t) = - dtU x (t)(H + ip n ){t) (10) 

</o ./o ^0 

where z/r(i) = J* dsc(s)^ 1 . But < u x (t) < v+(t) for all x, t G (0, 1] so 

< Ik+lhll^+^nlh (11) 

for all a; G (0,1]. Similarly 

\(p n (x) - ip m {x)\ < \\l> + \\ 2 \\H + (ip n - ip m )h ( 12 ) 

for all x G (0, 1]. It follows that ip n converges to ip uniformly on compact subsets of (0, 1]. 
But then one deduces from ffTUl) that 



tp(x) = - / dtv x (t)(H + <p)(t) . (13) 
J 

Hence 

\p(x)\ < \M 2 (j\t\(H + p)(t)\ 2 y /2 

for all x G (0,1]. Therefore \im x ^ 0+ ip(x) — 0. □ 

Proof of Proposition [23HH Suppose v+ G L 2 (0, 1). Then D{H + ) C L> where 

D = G £>(#;) : ^(0+) = = Kc^)(0+)} 

by Lemma [2.61 and Corollary 12.51 Next we prove the converse inclusion. 

Fix <p G -Do- If ^ G D(H+) then \im x ^o + (cip')(x) exists. Therefore there is a b > 
such that I (c ?//)(£) I < b and |V'( a; )| < bv + (x) for all small x. But then 

\B+(<p,1>)\ <b\<p(p + )\ + b\(y + c<p')(p + )\ = 

and so G D(H + ). Therefore D = D(H + ). Then it follows from (jSJ) that _D is a strict 
subset of D(H+). Hence D(H + ) is a strict subset of D(H^_) and H + must have deficiency 
indices (1, 1). □ 

At this stage we can prove an analogue of Theorem 11.11 for operators on the half-line. 
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Theorem 2.7 

I. If v+ G" -^2(0, 1) then H + is essentially self-adjoint and its closure generates a sub- 
markovian semigroup. 

II. Ifv + G £2(0, 1) but u + G" Loo(0, 1) then H + has a one-parameter family of self- adjoint 
extensions each of which generates a positive semigroup but only one extension, cor- 
responding to the boundary condition (c<p r )(0 + ) = 0, generates a submarkovian semi- 
group. 

III. If u + G £oo(0, 1) then H + has a one-parameter family of self-adjoint extensions 
characterized by the classical Dirichlet, Neuman and Robin boundary conditions. 
All the extensions generate positive semigroups and the positive^- definite) extensions 
generate submarkovian semigroups. 

In particular H + has a unique self-adjoint extension if and only if v+ G" £2(0, 1) and a 
unique submarkovian extension if and only if u + G" £00 (0, 1). 

Proof Theorem I2.7IH1 is a direct consequence of the first statement of Proposition 12.11 
Since H + is essentially self-adjoint the self-adjoint closure must coincide with the Friedrichs 
extension which generates a submarkovian semigroup as remarked in Section [TJ 

The second and third statements of the theorem require more detailed analysis of the 
self-adjoint extensions of H + . Throughout the following we assume v + G L 2 (0, 1). 

It follows from Proposition 12. llHTl that the deficiency indices of H + are (1,1). Therefore 
the codimension of D(H + ) in D(H*) is two and D(H+) can be spanned by D(H + ) and 
two auxiliary functions which we choose to be local solutions of the harmonic equation 
H\i) = 0. 

Let a+ G C c °°(0,oo) satisfy a + (x) = 1 if x G [0,1) and a+(x) = if x > 2. (The 
choice of values 1 and 2 is not significant. One could equally well assume that cr + (x) = 1 
if x G [0, e) and o- + (x) = if x > 5 with < e < 5. It is only important that a + is 
equal to one near the origin.) Next set r + = v + a + . Clearly one has ct+,t + G D(H*) and 
(H* + a + )(x) = = (H* + r + )(x) for x G (0, 1). But it follows from © that a+,r+ G" D(H+). 
In the sequel (0 + , r + ) always denotes a pair of functions constructed in this manner. 

Proposition 2.8 Assume u + G L 2 (0, 1). Then D(H+) = D(H + ) + spana + + spanr + . 

Proof First, by definition D(H + ) + span cr + + spanr + C D(H+). 

Secondly, fix $ G D(H* + ). Then \im x ^ 0+ (c$')(x) = b exists. But if * = $ + br + 
then * G D(H* + ) and (H^)(x) = (H^)(x) for x G (0,1). Moreover, (c*')(°+) = 
(c$')(0 + ) —6 = 0. Then, however, 

= #(1) - / dsc(s)- 1 [ dt(H^)(t) 

Jx JO 

pi pS pX pS 

= tf(l)- / dsc(s)- 1 dt(Hl$)(t)+ dsc(s)- 1 dt(H* + $)(t) 
Jo Jo Jo Jo 

for all x G (0, 1). Both the latter integrals are well defined since v + G £2(0, 1). Moreover, 

px ps px px 

/ dsc(s)- 1 / dt(H* + $)(t) = / dt(H* + $)(t) / c(s)- 1 
Jo Jo Jo Jt 



< K|| 2 ( J dt\(Him)\ 



, 1/2 
2 4 
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which establishes that 

a — lim fy(x) = lim ( + br + (x) ) 

exists and a < oo. Next define (p by 

{p = § — aa + + bT + = ty — a<j + . 
Then G D(H* + ). Moreover, if x G (0, 1) then 

(c<p')(x) = (c = - [ ds (H* + ty)(s) . 

Jo 

Therefore | (c </?') (a;) | = (^(x 1 / 2 ) as x — > 0+. Hence {y + c(p')(0 + ) = by Lemma [2.41 But 
V?(0 + ) = \l/(0 + ) — a = by the definition of a. Therefore if G D(H + ) by Proposition 12. llLTl 
Hence D(H* + ) C D{H + ) + spana + + spanr + . □ 

The one-parameter family of self-adjoint extensions of H + can now be specified by 
restricting HI to subspaces of D(H+) obtained by supplementing D(H + ) through the 
addition of a one-dimensional subspace of spana + + spanr + . 

Proposition 2.9 Assume v + G L 2 (0, 1). Let (a, (3) G R 2 \(0,0). Define 

D a> p = D(H+) + span(/3a+ - ar+) = {y? G £>(#*) : £ + (/3 a+ - a r+, <p) = 0} . 

Then the restriction H a ^ of to D a p is a self-adjoint extension of H + and H a p = H a i^i 
if and only if a f3' = (3 a' . 

Proof It follows by the definition of H a>p that H + C H a ^ C if;. Therefore $ G D(H* a J) 
if and only if $ G D(H* + ) and $) = for all ^ G -D Q)i g (see the lemma on page 86 of 

|Far75j ). But if $ = p + aa + — br + G D(ff*) and * = + A (/3cr+ - a r+) G £> Qj/3 with 
cp,ij> G D(H + ) and a, 6, A G R then 

= A 5+03(7+ -ar +I $) = A (a a - 6/3) . 

Thus $ G D(H* p) if and only if a a = 6/3. But then $ G D a ,^. Since F* ^ C H* it follows 
that H* = = H a j3$ and consequently if«„a is self-adjoint. 

The definitions of D a/3 and H a/3 are clearly independent of a change (a,/?) — > (a',/3') 
if a/3' = /3a'. □ 

Next we prove the second statement of Theorem 12.71 This is the most complicated and 
the most interesting case. Throughout the sequel we use the notation h + and h a ,p for the 
closed quadratic forms associated with the operators H + and H a ^. 

Theorem 2.10 Assume u + G ^(0, 1) but u + G" L^O, 1). Then h + = h 01 , the Friedrichs 
extension H F of H + is equal to if ,i and 

D(H F ) = WeD(Hl):(cp')(0 + ) = 0}. 

The semigroup generated by Hp is submarkovian. Moreover, Hp is the unique self- 
adjoint extension of H + which generates a submarkovian semigroup. 
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A key part of the proof is the following lemma which follows from the arguments of 
|ERSZ07j . Proposition 6.5, or [RS07] . Example 3.3. 

Lemma 2.11 Assume u + G" Loo(0, 1). Then <j + G D(h + ). 

Proof The proof is a repetition of the arguments of [ERSZ07J but since the result is 
crucial for the sequel we sketch the details. 
Define X n- R -> [0, 1] by 

if x < rT 1 , 

Xn(x) = { K X if x G (n~\ 1) , (14) 

if x > 1 , 

where n G N and v n = v + (n~ l ). Since i> + G" L^O, 1) it follows that u n — > oo as n — > oo. 
Now Xn is absolutely continuous, Hxn^+lh ^ as n — > oo and Xn a + — 0. Moreover, 

\ / 1 2 / „ I, / _ |2 / „ u J |2 



C l(Xn<7+)|' = / C|x n a+| = / C\x r . 

Jn- 1 Jn- 1 

because a + = 1 on [0, 1). But x' n = v n lc ~ 1 on the interval [n -1 , 1]. Therefore 



Next supp(l — Xn) ° + ^ [ n 1 ; !]■ Consequently one checks that (1 — Xn) cr + G D(h + ). Now 
||(1 - Xn) o"+ - er+IU = ||x n a + || 2 ^ as n ^ oo and 



oo 



fc+((l-Xn)o- + -(l-Xm)o-+) <2 / c|(a + Xn)r + 2 / c\(a +Xm yr = 2(u~ l + u % 

Jo Jo 

Since v~ x — >■ as n — > oo it follows that cr + G D{h + ). □ 

Proof of Theorem 12.101 It follows from Lemma [2.111 that D(H + ) + spana + C D(h + ). 
Then since /io.iXv 9 ) = h+iv) f° r a U V 9 e C^°(0) °°) one deduces that /i ,i( ( ^ ) ) — ^+($) for all 
$ G D(H+) + span<T + . Hence /io,i = ^+ and i?o,i = Hp. The boundary condition follows 
since ip G D(Ho,i) requires B + (a + ,ip) = 0. But one has B + (a + ,ip) = (c<//)(0 + ). 

The form h + is given by ([2]) with the integral restricted to the half-line. Then the 
closure h + is a Dirichlet form by standard estimates. Therefore the semigroup generated 
by H 0j i is submarkovian. Now suppose that the semigroup S a,f3 generated by H a ^ with 
a ^ is submarkovian. Then h a> p is a Dirichlet form. In particular if ip G D(h a ^) is 
positive then RAipE D{h a ^) for all R > and 

h a ,p(RA(p) < h aj p(<p) . (15) 

But it follows from the definition of D a ,p = D{H a ^) that [3 a + — ar + G D aj p C D(h a ,p)- 
Moreover o~ + G D(h + ) C D(h a ^) by Lemma 12.111 Since a 7^ one must then have 
r + G D{h a ^). In particular h a ^{r + ) < 00. Now we can apply (IToT) with <p = r + . Since 
RAt + £ D(h+) C D(h a ft) one has 

7i + (i2 A r+) = /i ai/9 (i2 A r+) < fc a ,/j(r + ) . 
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But t + = v + and r', = —c 1 on (0, 1]. Therefore 



dxc(x) = / dx c(x) \r' + (x)\ < h + (R A r + ) = h a ^(R A r + ) < h a> p{T) < oo 

Sr J Sr 

where Sr = {x G (0, 1] : t+(x) < R}. But u+ $ Ax,(0, 1). So the supremum of the left 
hand side over R is infinite. This is a contradiction so h a ,p cannot be a Dirichlet form. □ 

Remark 2.12 If v+ G 1/2(0, 1) but v + G" L oo (0, 1) then the form /io,i of the Friedrichs 
extension if ,i has the integral representation ho^((p) = f Q °° c\<p'\ 2 for all cp G D(/i ,i) and 
the operator domain D(H i) is distinguished by the boundary condition (c<//)(0+) = 0. 
But the situation is quite different for the forms /i Qii g and operators if a 7^ 0. Then 
there is no analogue of the form representation nor of the boundary condition. For example, 
the foregoing argument establishes that r + G D{h a p). But then 

J |2 v / „ I, ,/ 



c\r' + \ 2 > / c|z/^| 2 = / C = Z/_|_(0) = OO . 
Jo Jo 

Moreover, if $ = if + aa + — br + G D(H a p) with y> G D(H) one has the boundary condition 
aa = b(3. Then 6 = (c$')(0 + ) but one cannot identify a in terms of the value of $ and its 
derivatives at the origin. 

Although the semigroups S a,/3 generated by the H a p with a^0 cannot be submarko- 
vian we next argue that they are positive. First since H + has deficiency indices (1,1) there 
is, for each 7 > 0, a unique, up to a multiplicative factor, L 2 -solution of the deficiency 
equation (7/ + HV)r] = 0. Therefore there is a unique positive, decreasing, normalized, 
L 2 -solution r)j. More precisely, 77 7 is non-negative and non-increasing. To establish this 
note that the equation has the explicit form (erf)' = 7 77 G £2(0, 00) and this implies that 
rf is continuous. Hence 77 is a locally C 1 -function. Now suppose 77(a) = for some a > 0. 
Then (cr]r]')(a) = and it follows from (JSJ), with ip = r\ and HVq = —71], that 

2- 1 c{r 1 2 )'{b) = (cr)r)'){b) = / (7 \rf 2 + c |t/| 2 ) 



for all 6 > 0. In particular (rj 2 )'(b) > for all b > a. But since 7/ is square integrable rf 1 
cannot be monotonically increasing. Therefore 7/(6) =0 for all b > a. If, however, b < a 
then (rf)'(b) < 0. Therefore 7/ is either non-negative and non- increasing, or non-positive 
and non- decreasing. 

Proposition 2.13 Assume v + G L 2 (0, 1) but u + G" L oo (0, 1). T/^en i/ie semigroup S a,/3 
generated by the self-adjoint extension H a ^ of H + is positive. 

Proof If a = then the semigroup is submarkovian by Theorem 12. 101 Therefore it 
remains to prove positivity for a 7^ 0. Let P 7 denote the one-dimensional orthogonal 
projection on L 2 (0, 00) with range r/ 7 . Since r/ 7 is positive (non-negative) the projection 
P 7 is a positive operator, i.e. it maps positive functions into positive functions. 

Next choose 7 such that H a ^ > 7/ > 0. Since i?o,i = Hf > H a ^ one also has 
Hq } i+jI > 0. Then by Krein's theory of lower semibounded extensions there is a ^(7) > 
such that 

(7/ + Hep)- 1 = (7/ + H 0A )- 1 + k( 7 ) P 7 (16) 
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(see |Far75j . Theorem 15.1). But H 0t i is a submarkovian extension so (7/ + ifo,i) _1 i s a 
positive operator. In addition P 7 is a positive operator and ^(7) > 0. It follows immediately 
that (7/ + Hu p)' 1 is positive for all large 7. Then S a,/3 is positive by the Trotter product 
formula. □ 

Proof of Theorem 12.711111 This follows from Theorem I2.1UI and Proposition 12.131 □ 



Remark 2.14 The representation (1161) gives information about the possible extension of 
the resolvents (7 J + Ha^)' 1 to the L p -spaces. Since H i is a submarkovian generator it 
follows from ffT6l) that (7/ + iJ Q /3 ) _1 extends to a bounded operator on L p (0, 00), with 
p G (2,oo), if and only if P 7 extends to a bounded operator. Now 7/ 7 G L 2 (0, 00) by 
definition. Therefore r/ 7 G L q (0,l) for all g G [1,2]. But since c is bounded away from 
zero on [1, 00) it follows that r^ 7 G L r (l, 00) for all r G [1, 00) by standard strong ellipticity 
estimates. Therefore r^ 7 G L 9 (0, 00) for all q G [1, 2]. Hence one concludes that (■yI+H a ^)~ 1 
extends to a bounded operator on L P (Q, 00) if and only if r/ 7 G L p (0, 1). 

The small x behaviour of r? 7 can, however, be deduced from integration of the deficiency 
equation (7/ + H*)rj 7 = 0. Let x G (0, 1]. After two integrations one finds 



X PX fX 

1 , / A„„t„\-\ 



T)j(x) = ^ 7 (x ) - (c?] 7 )(xo) / dsc(s) +7 / dsc(s) / dtr] 7 (t) 

J X J X J s 

and this leads to the estimate 

_ tyM + (cr]' y )(x ) u X0 (x)\ < 7 ||77 7 || a |ac - ^(^^(x) 

where u xo (x) = dsc(s)" 1 . It follows that ^ 7 G L p (0, 1) if and only if v + G L p (0, 1). 
Therefore (7/ + if^^) -1 extends to a bounded operator on L p (0, 00) with p G (2, 00) if and 
only if v + G £ p (0, 1). 

The question whether the extension of the resolvent to L p is the resolvent of the gen- 
erator of an L p -continuous semigroup seems more complicated. 

It remains to prove Theorem 12.7111111 The assumption u + G L oo (0, 1) corresponds to 
integrability of c _1 at the origin. Therefore it is natural to reparametrize and replace v + 
by v where 

fX 

u(x) = ^+(0) — v + (x) = / c -1 







and then to replace r + = u + a + by f = v a + . Since f = ^+(0) cr + — r + these replacements 
make no essential difference to the characterization of D(H+) given by Proposition [221 Now 
one has D{HV) = D(H + )+span <r + +span f. The advantage of the reparametrization is that 
if $ = ip + aa + + bf G £>(#+) with if G then a = $(0+) and 6 = (c$')(0 + ). This 

follows since <p(Q+) = = (c(p')(0 + ), by Proposition 12 . 1 ||TT| and cr(0 + ) = 1, (ccr^)(0 + ) = 0, 
f(0) = and (cf )(0+) = 1 by definition. Now we modify accordingly the definition of the 
self-adjoint extensions of H + . 
Let (a,/3) G R 2 \(0,0). Define 

D aj3 = D(H + ) + span(/9 a + + af) . 

Then define the self-adjoint extension H a ^ of PT as the restriction of H+ to D a ^. Again 
one has H a ^ = H a i ^ if and only if a (3' — (3 a'. Further let h a ^ denote the quadratic form 
corresponding to H a p. 

One can again compute the Friedrichs extension of H + . 
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Proposition 2.15 Assume v + G L oo (0, 1). Then h + = h\fi, the Friedrichs extension Hp 
of H + is equal to Hi >0 and 

D(H F ) = {if G D(H* + ) : ^(0+) = 0} . 

Proof First one has h 10 ~D h + and consequently D(h\$) 3 D(h + ). Secondly, f G 
D(h + ). This follows by standard approximation techniques since f has compact support, 
is absolutely continuous and f(0+) = 0. But then D(Hi )0 ) = D(H + ) + spanf C D(h + ). 
Since D(Hi ) is a core of hi it follows that D(h + ) is also a core of h\ t Q. Therefore 
^-1,0 — h + and Hi >0 = H F . 

The boundary condition follows since if$ = yj + acr + + 6fG D(H* + ) with <p G D(H + ) 
then <3> G D(Hi ) if and only if a = 0. But it follows from the reparametrization chosen 
above that a = $(0+). □ 

The analysis of the remaining self-adjoint extensions of H + is in terms of the corre- 
sponding quadratic forms. First we observe that there is a unique form domain. 

Proposition 2.16 If [3 ^ then D{h a ^) = D(h + ) + spana + = D(h 0) i). 

Proof First, since h a ^ ~D h + one has D(h + ) C D(h a j3). But f G D(h + ), as observed in 
the proof of Proposition 12.151 Moreover, since D{H a p) C D(h a ^) it follows that aa + + 
6f G D(h a ^) for all a, 6 satisfying aa = b(3. Since /3 7^ one deduces that cr + G D(h a p). 
Therefore D(h a ^) D D(h + ) + spana + . 

Secondly, we establish the converse inclusion. The proof begins by observing that 
D(H a ^) is a core of h a ^. Thus if $ G D(h a /3 ) there is a sequence $ n G D(H a ^) which 
converges to $ in the -D(/i Qi) 3)-graph norm. But <3> n = <p n + a n a + + b n f with ip n G D(H + ) 
and a n ,6 n G R satisfying a n a = b n [3. Moreover, a n = <3> n (0 + ) and b n = (c$^)(0+) by the 
new choice of parameters. Therefore 

\a n -a m \ = |$ n (0 + )-$ m (0+)| = |B + ($„-$ m ,f)| = |(#;($ n -$ m ), f)-(($ n -$ m ), #;<f)| 

where the second equality follows because f(0 + ) = and (cf')(0 + ) = 1. But (H*f)(x) is 
bounded with support in the interval [1, 2]. Hence |(($„ — &m), H*f)\ < k ||$„ — $ m ||2 for 
some k > 0. Moreover, f G D(h + ) C D(h a ^) by the proof of Proposition 12.151 Hence 

Therefore 

|0„ - a m \ < h a ,p(®n ~ $m) 1/2 K^(t) 112 + K ||$ n - $ m || 2 

and the a n must converge to a limit a. Similarly, 

\b n - b m \ = |(c# B )(0 + ) - (c$; n )(0 + )| = |fi + ($ n - $ W)(T+ )| 
because cr + (0 + ) = 1 and (ca' + )(0 + ) = 0. But then 

K ~ 6m I < fra,/?($n - $m) V2 ^a,/3(^+) 1/2 + « ||$n ~ $m|| 2 

and the b n must converge to a limit 6. One automatically has aa = b(3. 
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Next it follows that ip n = $ n — a n a + — b n f is /^-convergent to a limit ip. But 

h+(<f n - iPm) = ha ; p(fn - (p m ) 

< 2 h ttJ} { I On — a m\ h a fi{(J + ) + 4 |6 

so the f n are convergent in the -D(/i+)-graph norm and one has tp G D(h + ). Therefore 
$ = y + acr + + bf G D(h+) + spana + . Hence D(h a> p) C D(h + ) + spana + . □ 

Finally one can express the forms /i Qj/ g in terms of foo,i on their common domain in a 
classical manner. 

Proposition 2.17 J/z/+ G Loo(0, 1) toen D(h aj p) = D(h ,i) for all (3 G R\{0} and 

h«A<P) = MV?) + a/3 -1 1<^(0 + )| 2 (17) 

for all ip G D(h i). 

The self-adjoint extension H a p is the restriction of HI to the domain 

D(H a ,p) = We D(H* + ) : P(cip')(0+) = a<p(0 + )} . 

The operators H aj3 generate positive semigroups on L 2 (0, oo) which are submarkovian if 
and only if a > 0. 

Proof The identity of the domains is established in Proposition 12.161 Next we establish 
the relation between the forms. 

First suppose $ = ip + aa+ + bf with ip G D(H + ). Then $! = ip + aa + G D(H i) C 
D(/io,i)- Moreover, f G D(h + ) as observed in the proof of Proposition 12.151 Therefore 
$ G D{h,Q^i). Then one calculates that 

($, = a 0l i($i) + 6 (f, + 6 #;f ) + b 2 (f, h* + t) 

= v($ x ) + 6 (f, + 6 f) + b 2 (f, f;t) + f) . 

But 

(f, f;$i) = (f,if ,i$i) = V(r,$i) 

since f G D(/t ,i)- Similarly (if|$i,f) = a ,i($i,f) and (f, if+f) = «o,i(^)- Combining 
these identities gives 

($, = + 6 V(f , $ x ) + 6 V($i, + & 2 Vi(f) + 6B+($i, f) 

= + 6fi+($i,f) = a ,i($) + a& 

where the last step uses the identification B + (<&i,f) = aB(a + ,f) = a. If, however, one 
places the restriction a a = b f3 on a and b then $ G D(H a p) and = H a ptf>. Therefore 

K,p(^) = Oo,i($) + a & = o ,i(<l>) + a/? -1 a 2 

for all $ G D(H at p) and then by closure for all $ G D(h a ,p)- But a = $(0+) so this 
etablishes the relation (|T7|) . 
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The boundary condition for $ G D(H a ^) is given by a a = h (3 but the parametrization 
was chosen such that a = $(0+) and b = (c$')(0 + ). 

Finally if $ = <p + aa + with <p G D(H + ) then since (c<3>')(0 + ) = one computes that 

/"OO 

h ,i(®) = = -($, (c$')0 = / rfxc(a;) |$'(x)| 2 . 

Jo 

Therefore 

/■oo 

^($)= / c/xc(x)|$'(x)| 2 + (a/3- 1 )|$(0 + )| 2 
Jo 

and the positivity and submarkovian properties follow immediately by application of the 
well known Beurling-Deny criteria (see, for example, [RS78], pages 209-212). □ 

Proof of Theorem 12 . 7IITTT1 This follows directly from Proposition 12 . 151 and Theorem 12 .171 
These latter results give a complete description of the self-adjoint extensions of the operator 
H for u + G L oo (0, 1). The Friedrichs extension corresponds to Dirichlet boundary 
conditions <p(0+) = 0, the extension if ,i to Neumann boundary conditions (c</?')(0+) = 
and the other extensions to Robin boundary conditions. The latter are positive-definite if 
a/3 -1 >0. □ 

Remark 2.18 It is straightforward to establish that if a (3~ l < then the extensions 
H a p of H have a simple negative eigenvalue. Therefore these extensions are no longer 
contractive on £2(0, 00) and certainly not submarkovian. 

Remark 2.19 Theorem 12.71 identifies two distinct cases in which H + has a unique sub- 
markovian extension, the Friedrichs extension H + p. In both cases v + G" L oo (0, 1). More- 
over, in both cases D(H +F ) = D(H + ) +spana + and H + f(lp + a a + ) = H + ip — a (c a' + )' for 
all (f G D(H + ) and a G R. The distinction between the cases occurs because v + £2(0, 1) 
implies that cr + G D(H + ). Therefore H + p = H + and H + is essentially self-adjoint. But if 
u + G £2(0, 1) then a + G" D(H + ) and -f/+F is a strict extension of H + . 



3 The line 

In this section we prove Theorem 1 1.1 1 by applying the results of Section[2]to H + = H |cg°(o,oo) 
on L 2 (0, 00), if_ = H\c°°(-oa,o) 011 00 j 0) and H = H_ © H + on L 2 (R). 

Let (x G C^°(R) satisfy < a < 1, supper C [-2, 2] and cr = 1 on (-1, 1). Define a + by 
cr + (x) = if x < and = cr(x) if x > and set ct_ = a — a + . Further define t± by 

T±(x) = v±(±x) cr±(x). Thus r + has support in [0,2] and r_ has support in [—2,0]. Now 
one can characterize the self-adjoint extensions of H + with the aid of the functions a + , r + 
exactly as in Section [2] and the extensions of H_ with the aid of cr_,r_ in an analogous 
fashion. 

Proof of Theorem ll.ll Hl There are two cases to be considered: 1. u + A v_ (jL ^(0, 1), 
and 2. u + A v_ G L 2 (0, 1) and v + V v_ g L 2 (0, 1). 

Assume u + A i>_ G^ L 2 (0,1). Then ff + is essentially self-adjoint on L 2 (0, 00) and f/_ 
is essentially self-adjoint on L 2 (— 00, 0) by Theorem I2.7IH1 Hence H = H_ © H + is self- 
adjoint on Z/2(R). Since a self-adjoint operator cannot have a proper closed symmetric 
extension it follows that H = H = H_ © H + is self-adjoint. Therefore H must coincide 
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with the Friedrichs extension Hp of H and it automatically generates a submarkovian 
semigroup. Clearly this semigroup must leave L 2 (— oo,0) and L 2 (0,oo) invariant. 

Secondly, assume v + E~ L 2 (0, 1) and v_ E L 2 (0, 1). Then the argument is slightly 
different although the conclusion is the same. Again H + is essentially self-adjoint on 
L 2 (0, oo). But then <r+ E D(H^_) = D(H + ) or, as a relation on L 2 (R), cr+ E D(H). Since 
a E D(H) it follows that cr_ G D(H). Now one can define a self-adjoint extension ii_ 
of iZ_ by D{HJ) = D(H-) + span(x_ C D(H) and #_(^ + (3 a.) = H.cp - (3 (caL)' for 
(p E D(H-) and (3 E R. Then if Z> if_ ®H + and since a self-adjoint operator cannot have 
a proper closed symmetric extension it follows that H = H © H + is self-adjoint. Then H 
must coincide with the Friedrichs extension Hp of H and the corresponding semigroup is 
submarkovian. Clearly the semigroup leaves L 2 (— oo,0) and I/ 2 (0, oo) invariant. 

Thirdly, the argument for v + E L 2 (0, 1) and v_ E" L 2 (0, 1) is similar. □ 

Proof of Theorem 11.111111 Now we assume v + V V- E ^(0, 1). Since H C H and H 
and H are both symmetric one has 



But Hq is the direct sum of H± and as both these operators have deficiency indices (1,1), 
by Proposition 12.111111 the operator H must have deficiency indices (2,2). Thus D(H ) 
has codimension 4 in D(Hq). Moreover, Hq = H*_ © and one can compute the adjoint 
of Hq in terms of the adjoints of the operators H± on the half-lines. But this allows one 
to compute the domain of H*. 

Proposition 3.1 If v + V v_ E L 2 (0, 1) then 



H C H C H* C m. 



(18) 



D(H*) = D(Hq) + spana + + spana_ + span(r + — r_) 
= D(H) + span(a + — cr_) + span(r + — r_) . 



(19) 



Proof It follows from Proposition 12.81 applied to H± that 



D(Hq) = D(Hq) + spancr + + spancr_ + spanr + + spanr_ . 



(20) 



Now introduce the boundary form <p,ip E D(Hq) h- > B ((p,ip) by 



B (<p,1>) = (HS<p,,l>)-{<p,HM). 



Then it follows from (1TB]) that 



D(H*) = {pE D(Hq) : S (V, V>) = for all 7p E D(H)} 



(21) 



(see |Far75] . lemma on page 86). Now one can compute D(H*) by use of ( 1201) . 
First B (<p,i/j) = for all <p E D(H ) and ip E D(H). Secondly 



for all if) E C^°(R) by direct calculation. Thirdly, 



B (t + ,iP) = (cu' + ip)(0) - (u + ci!j')(Q) 



^(0) = J B (r_,^) 
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since (u + ci[)')(0) = = ci[)')(0) for all ip G C£°(R). The latter relations follow because 
the assumption c(0) = implies that (cif)')(0) = 0. Hence (cif)')(x) = J* ds (cif)')'(s) and 
this gives an estimate \(cip')(x) \ < \x\ 1 ^ 2 || iff/Hi 2- As the v± are square integrable near the 
origin one has \x\ 1 ^ 2 u±{x) — ► as x — > by Lemma [2.41 Therefore Bq{t + — T-,ip) = for 
all ^ G D(H). But there is a ■?/> G D(H) such that -Bo( r + + T-> '0) 7^ 0. Consequently one 
concludes from (j2ip that 

D(H*) = D(H ) + spancr + + spana_ + span(r + — r_) 

which is the first statement of the proposition. But o~ + + a~_ = a G C£°(R) C D(H). Hence 
£>(Bo) + span(a + + cr_) C £>(#). Therefore 

D(H*) = D(H ) + span(<7 + + er_) + span(a + — cr_) + span(r + — r_) 
C D(if) + span(a + - tr_) + span(r+ - r_) C £>(#*) 

which gives the second statement of the proposition. □ 

Note that B (r + ,a + ) = 1 = 5 (r_,cr_). Hence, under the assumptions of the propo- 
sition, one cannot have a + — cr_,r + — t_ G D(H). Therefore D(H) has codimension 2 in 
D(H*), i.e. if has deficiency indices (1, 1). Moreover, since a G D(H) one has 

D(H*) = D(H) + span cr + + span(r + — r_) = D(H) + spancr_ + span(r + — r_) . 

The self-adjoint extensions H af3 of if are given for (ce,/3) G R 2 \(0, 0) by 

D{H a , p ) = D(H) + span (j3 (a + - a J) - a (r+ - r_)) 

and H a j3§ = ii*$ for $ G D(H a ^). This definition is the direct analogue of the definition 
on the half-line given in Proposition 12.91 Again H a ^ = H a i $ for all pairs with a (3' = a' f3. 
In terms of the boundary form ip,ip £ D(H*) i— > B((p,if>) associated with H one has 

£>(#„,„) = We D(H*) : £(/3 (a + - a_) - a (r+ - r_), = 0} . 

Now consider the extension with a = and /3 = 1. Then D(H Q1 ) = D(H) + span — 
But if z/ + G" foo(0, 1) then cr + G -D(fo) by Lemma [2.111 applied to /i instead of h + . Since 
a = a + _+ a_ G C C °°(R) it follows that ct_ G D{h). Thus D(# ,i) ^ Therefore 
/io,i = and ifo,i is the Friedrichs extension Hp of H . A similar conclusion is valid if 
vL ^ Loo (0,1). 

Therefore if z/ + A v_ G" Loo(0, 1) the operator iio t i generates a submarkovian semigroup 
S which leaves the subspaces L 2 (— oo, 0) and L 2 (0, oo) invariant. This establishes the first 
part of Theorem 11.11111 

Note that if $ = <p + a (a+ - ct_) - 6 (r + — r_) with <p G -D(ii) then 

(c$')(0+) = lim (c$')(x) = -6 lim (cr'){x) = b 

x— >0+ a:— >0+ 



and 



( c $')(0_) = lim (c$')0) = 6 lim ( cr -)(X) = -6 • 

x— >o_ s^0_ 



16 



Therefore 



&=(( C *0(O + )-(c*0(O_))/2 



In particular if $ G D(_Ho,i) then 6 = and the extension is characterized by the boundary 
condition (c$')(0+) = (c$')(0_) which links the left and right half-lines. 

It remains to prove that under the assumption of the second statement of Theorem 11.11 
there are no other submarkovian extensions. The key step in the proof is the identification 
of the corresponding form domains. 



Proposition 3.2 Assume u + V V- G L 2 (0, 1) but u + V V- G" L oo (0, 1). If a ^ then 
D(h at p) = D(h) + span(r+ - r_) = D(h lj0 ). 



Proof The proof is very similar to the proof of Proposition 12.161 

First, since h a ^ D h one has D(h) C D(h a ^). But a± G D(h), again by Lemma [2.111 
and the observation that o = a + + er_ G C£°(R). Moreover, since D(H a p) C D{h a ^) it 
follows that a (cr + — cr_) — 6 (r + — r_) G D{h a ^) for all a, 6 satisfying aa = b(3. Since a^O 
one deduces that r + — t_ G D(h a p). Therefore + span(r + — r_) C D(h a ^). 

Secondly, the converse inclusion is established by a slight modification of the second 
part of the proof of Proposition ^. 161 It is again dependent on the observation that D(H a ^) 
is a core of h a ^. We omit the details. □ 

Corollary 3.3 Assume v + V i/_ G L 2 (0, 1) 6u£ v + V z/_ G" Loo(0, 1). If a ^ then the 
semigroup S a ^ generated H aj p is neither positive nor Loo-contractive. 

Proof It is necessary for positivity of S a '^ that ip G D{h a p) implies \ip\ G D(h a> p). This 
is a consequence of the first Beurling-Deny criterion (see, for example, |RS78] . page 209). 
But r + — r_ G Dihifl) = D(h a ,p) and by definition the r± are positive with disjoint 
supports. Therefore |r + — r_| = r + + r_. Since r± G" D(h\p) the semigroup is not positive. 

The failure of Loo-contractivity is established by the argument used for the half-line 
(see the proof of Theorem 12. 10D . □ 



and r = v a. It follows readily that r is related to the previous functions t± by a relation 



with 7, 5 G R and 5 > 0. Therefore the self-adjoint extensions H a p of if can now be 
defined as the restrictions of H* to the domains D(H aj p) = D(H ) + span (/3(cr + — cr_) +a r) 
with a typical element $ G D(H a p) given by $ = </2+a (a + — a_)+or where ip G D(H) and 
aa = 6/3. Therefore $(0±) = <p(6)±a, (c$')(0±) = ±6 and one has a = ($(0+) -$(0_))/2 
and 6 = ((c<&')(0+) — (c$')(0_))/2. Thus $ satisfies the boundary condition 




□ 



Proof of Theorem 11.1111111 Assume u + V V- G ^(0, 1). Then define f by 




r = 7 cr + 5 (a + - a J) - (r+ - r_) 



/3 ((c$')(0 + ) - (c$')(0_)) = a ($(0+) - $(0_)) 
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A slight variation of the previous arguments gives hp — hi t o and D(Hp) = D(H) + 
spanr. The corresponding boundary condition is (c$')(0 + ) = (c$')(0_). Although the 
Friedrichs extension is automatically submarkovian the corresponding semigroup no longer 
leaves the subspaces L 2 (0, oo) and L 2 (— oo, 0) invariant. The boundary condition now links 
the two sides of the line. 

If f3 7^ then arguing as in the proofs of Propositions 12.161 and 13.21 one finds 



Then by an argument analogous to the proof of Proposition 12.171 one deduces that 



Since -D(if ,i) corresponds to the boundary condition (c<^')(0 + ) = (c<^')(0_) it follows that 



for all ip G D(Hq^i). Then, by closure, /io,i is a Dirichlet form and i?o,i is submarkovian. 

Since — < \ f( x ) ~ ¥{y) \ it follows that if a > then h a ^ satisfies the 

first Beurling-Deny criterion. A similar argument shows that under the same restriction 
on a and (3 it satisfies the second criterion. Therefore one concludes that if a > then 
H a ^ is submarkovian. 

Finally we note that if a < one can establish that H a $ has a simple negative 
eigenvalue. So S a,/3 is not contractive on /^(R) arid therefore not submarkovian. □ 

Remark 3.4 If if has a unique submarkovian extension then it is equal to the Friedrichs 
extension Hp and is given by D(H F ) = D(H) + span(cr + — <x_) and 



for all (p G D(H) and a G R. There are two distinct cases corresponding to the first two 
cases of Theorem ll.il In the first case, u + V z/_ (jL L 2 (0, 1), one has <j± G D(H). Therefore 
H F = H and H is essentially self-adjoint. In the second case a± G" D(H). 

4 Li-estimates 

The principal aim of this section is the proof of Theorem 11.21 This requires a number of 
preliminary Li-estimates which are valid under the weaker hypothesis c G W lo ' c (R). This 
is sufficient to ensure that HC^°(H) C Li(R). We again begin by analyzing H on the 
half-line. 

Let H + = H\c°°(o,oo)- Then H + C^° (0, oo) C Lx(0, oo) and we may consider H + as 
an operator on Li(0, oo) with domain D(H + ) = C^°(0,oo). Next let er + G C£°(0, oo) be 
the function defined in Section [2] and define the extension H + of H + by setting D(H + ) = 
D(H+) + spana+ and H + (ip + (3a + ) = H + ip - f3 (ca' + )' for all <p G D(H+) and (3 G R. An 
analogous /^-extension was used in the proof of Theorem ll.llHl 

Lemma 4.1 The operator H + is both Li-dissipative and L\- dispersive. Therefore H + is 
Li-closable and its closure is Li-dissipative and L\-dispersive. 



D(h a> p) = D(h) + span(a + - a J) = D(h 0; i) ■ 



had?) = hoM + a l 3 ' 1 1(^(0+) - <^(0_)| 2 /4 • 




Hp((p + a (cr + — cr_)) = Hip — a {{ca' + )' — (c &'_)') 
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Proof The operator H + is Li-dissipative if and only if 

(//+$, sgn($)) > 

for all $ G D(H + ) where sgn($) denotes the usual sign function. Moreover, it is L\- 
dispersive if and only if 

(#+$, (sgn($) V 0)) > 

for all $ G D(H + ). (For background on dissipative and dispersive operators see |BaR84] . 
Section 2.1, or |Nag86| .) 

Let $ = ip+fi a + with ip G D{H + ) and (3 G R and note that (c $') (0+) = 0. Next choose 
a monotonically increasing C°°-function rj such that r](x) = if \x\ < 1 and 77(0;) = ± 1 if 
±x > 2. Then set $ n = i](n§). It follows that $ n G C£°(R) and $ n converges pointwise 
to sgn($) as n — > oo. But integrating by parts and using (c$')(0 + ) = one has 

/*oo 1*00 

(if + $,$ n ) = / dxc(x) & n (x) = / Gfec(x) |$'(x)| 2 nr7'(n$) > . 
Jo Jo 

Therefore in the limit n — > oo one deduces that sgn($)) > 0. Thus H + is Li- 

dissipative. The proof of dispersivity is similar. 

Finally it follows by general theory that a norm densely-defined dissipative operator on 
a Banach space is closable and that its closure is dissipative. Moreover, if the operator is 
dispersive then the closure is also dispersive. (See [BaR84] . Theorem 2.3.1.) □ 

Note that as H + is a restriction of H + it automatically inherits the dissipativity and dis- 
persivity properties. Thus H + is both dissipative and dispersive on Li(0, oo). Therefore its 
Li-closure H + generates a strongly continuous positive contraction semigroup on Li(0, oo) 
if and only if the range of (/ + H + ) is Lx-norm dense (see, |BaR84j . Corollary 2.2.2). But 
this is equivalent to the statement that if if) G £oo(0, oo) and (if), (I + H + )ip) = for all 
V? G C^°(0, oo) then if) = 0, i.e. if (I + H+)ip = in the sense of distributions then if) = 0. If, 
however, if) — (cif>')' = in the distributional sense it follows that af>' is locally absolutely 
continuous. Then since c > on (0, oo) it follows that if) is a C 1 -function locally. Therefore 
if) = (of)')' in the usual sense of ordinary differential equations. 

The following lemma is the key to establishing the range condition. 

Lemma 4.2 Let c G W^'^O, oo) be strictly positive on (0, oo). Assume ds s c(s) _1 = 
oo. Consider the ordinary differential equation (cip 1 )' = if) on (0, oo) with the boundary 
condition ip'(0 + ) = jip(0 + ). 

If 1 > then there are no non-zero L p -solutions if) for any p G [1, oo]. 

Proof Assume that if) is a non-zero solution. Then 

H 2 = -/ (c^)> = (c^»(0+)-(c^»(x)+ / c\iPf 
o Jo Jo 



7^(0 + )-M»(x)+ / c\iP'\ 2 . 



Therefore 



o 



2- 1 (c(^)')(x)= 7 ^(0 + )+ / ch//| 2 > 

'o Jo Jo 
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where the last bound uses 7 > 0. In particular ip 2 is non-decreasing. Since ip 7^ there is 
an x such that i/j(x ) 7^ and it follows that 

2- 1 (c(^ 2 )')(x) > (x-x )^ 2 (x ) 

for all x > Xq. Therefore 

(i/j 2 )'(x) > ift (x ) xc(x)^ 1 

for x > 2xq. It follows by integration that |?/>(x)| 2 — > 00 as x — > 00. Therefore there are 
no non-zero L p -solutions. □ 

Remark 4.3 The conclusion of the lemma is valid in the limiting case 7 = +00, i.e. with 
the Dirichlet boundary condition ip(0 + ) = 0. 

If ip G Loo(0, 00) and (ip, (I + H + )tp) = for all tp G C£°(0, 00) then ip satisfies the dif- 
ferential equation of Lemma H~2l but it is not clear that it satisfies an appropriate boundary 
condition. This will follow from an Li-version of Lemma 12.111 

Proposition 4.4 If u + Loo (0,1) then a + G D{H\) and H+a + = —{ca' + )' G Li(0, 00). 

Proof First observe that C 2 (0, 00) C L^Lf^) by straightforward estimates. Then let 
ip n be a sequence of C 2 -functions satisfying < <p n < 1, (f n (x) = if x G [0,-nT 1 ] and 
(p n (x) — 1 if x > 1. It follows that < (f n a + < 1, supp</2 n <r + G [n -1 ,2], (p n cr+ G D(H + ) 

and Lf+(</? n 0"+) = -(c(v9 n (T + )') / - 

Secondly, we construct below a particular sequence of <p n such that 

lim ip n (x) = 1 (22) 

n^oo 

for all x > and 

lim ||( c ^)'|| 1 = (23) 

n^oo 

Then it follows that 

lim \\(p n a + — c+||i = and lim ||Lf,(<£> n 0+) + (cer+VHi = 

n^oo ' n— >oo 

and the proposition is established. 

Construction of the sequence (p n The construction is in four steps. 

Step 1 Define Xn- R — » [0, 1] by ffl4|) . Then set £ n = (1 — Xn) 2 - The £ n are positive, 
increasing, differentiable and £ ra (x) — > 1 for all x > as n —>■ 00. Moreover, on 1] one 
has (,' n = —2x^(1 — Xn) an d £' n = elsewhere. But the definition of Xn gives 

-if / „-l \ ,,-2 



C(x)=2c(x)- 1 ( / C" 1 )!/, 



for x G [n -1 , 1]. In particular ^(n -1 ) = an d £n(l) = 2c(l) -1 v~ 1 . Thus £ n fails to be 
twice-differentiable since ^ is discontinuous at x — 1. Therefore we modify the derivative 
by the addition of a linear function on the interval 1]. 
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if x G [0,n _1 ) , 

(^-^(i-n-^l-n- 1 )" 1 ) iixe[n-\l} , (24) 
if x > 1 . 

then r/n^n" 1 ) = = rj n (l) and r) n is continuous. Therefore setting ( n (x) = Jq f] n for x < 1 
and Cn(^) = Cn(l) if x > 1 the resulting function is twice-differentiable and ( n (x) = for 
x G [0, 1/n]. Nevertheless 

Cn(l) = [ Vn< = 1 

so to complete the construction we rescale £ n . 

Step 3 Define = Cn(l) _1 Cn- It follows immediately that <p n (x) = if x G [0,n _1 ], 
^n(^) = 1 if x > 1 and ip n is twice differentiable. Moreover, 



and since £^(1) = c(l)~ 1 z/~ 1 — ► as n — ► oo one has y? n > for all sufficiently large n. It 
remains to verify fl22l) and ([23j). 

Step 4 First one has 1 > Cn(l) > 1 — £n(l)) ^ 1 as n -> oo. Therefore lim^oo <^ n (x) = 
lim^ooC^x). But 



for x > since £^(1) — > 0. Thus ( |22l) is verified. 
Secondly, if x G [n -1 , 1] then 

(c^)(x) = caries) = car 1 ((cO(x) - c(i)c(x)(x - - n- 1 )- 1 ) . 

Therefore 

(c^)'(x) = Cn(l)- 1 («)'(*) - &{lV(x)(x - rT^l - n- 1 )- 1 ~ - n" 1 )- 1 ) . 

But Cn(l) -1 -> 1, &(1) -> and Hc'll^ < oo. Thus 

lim ||(cyJJ'||i = lim ||(cO'l|i > 
i.e. the modifications to £ n in Steps 2 and 3 do not affect the Li-limit. But 

(cQ'(x)= C (xr^- 2 

for x G 1] and is zero elsewhere. Therefore 



and (123!) is verified. 

This completes the proof of Proposition 14.41 □ 
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Corollary 4.5 If v+ G" £oo(0, 1) then the Li-closures of H + and H + are equal. 

Proof This follows immediately because D(H + ) C D(H + ) but the proposition establishes 
that D(H + ) C D(H\). □ 

Remark 4.6 It follows from the proof of Proposition 14.41 that if v + G" £oo(0, 1) then 
one may construct a sequence a n G C£°(0, oo) such that ||cx n — o + ||i — > and moreover 
H-fZ+Un + (ccr^_)'||i — » as n — > oo. It suffices to replace the C^-approximants y? n by 
C^-approximants and to set cr n = <p n o'+. 

Remark 4.7 Although the foregoing results were established for H + = H\c^(o,oo) similar 
statements are true for H_ = H\cg°(-oo,o), e -g- H- is -^i-dissipative on L\{— oo, 0). 

Now we turn to the proof of Theorem 11.21 Since this involves the action of H on L\ 
and on L 2 it is necessary to adopt the earlier stronger assumption that c G W lo ' c (R). Then 
all the preceding results apply. 

Proof of Theorem 11.21 HHTT1 This is evident. 

im= HIHl First, it follows from an obvious extension of Lemma 14.11 that H is both L\- 
dissipative and Lx-dispersive. Therefore Condition [Til implies that the Lx-closure H of 
H generates a strongly continuous positive contraction semigroup S on Lj(R). Next let 
Hp denote the Friedrichs extension of H and Hi the generator of the corresponding sub- 
markovian semigroup acting on L\ (R). If G C C °°(R) then H <p = Hip = H F <p. But 
Hip G Li(R). Therefore ip G D(Hi) and H\tp = Hpip = H ip. Since C£°(R) is a core 
of H it follows that Hi 13 H 1 . But if 1 generates a contraction semigroup and Hi is 
Li-dissipative. Therefore Hi = H . In particular S extends to a submarkovian semigroup 
on the L p -spaces which coincides with the submarkovian semigroup generated by Hp. 

Secondly, let H be another submarkovian extension of H and Hi the generator of 
the corresponding semigroup on Li(R). If <p G C£°(R) one then has H ip = Hip = 
Hip G Li(R). Therefore ifiy? = -ffy? — H ip and it follows by the previous argument that 
Hi = H . Hence Hi = Hi and H must be the Friedrichs extension of H. Therefore the 
Friedrichs extension is the unique submarkovian extension of H. 

IIIII =>IT1 It follows from Theorem 11.21 that H has a unique submarkovian extension, the 
Friedrichs extension, if and only if u + V z/_ ^ £oo(0, 1). Let us assume v + G" Ax)(0, 1) but 
V- G Loo(0, 1). The other cases are handled similarly. 

First, we argue that (J + H + )C%°(0, oo) is dense in Li(0, oo). Let ^ G Loo(0, oo) such 
that (y>, (/ + H + )ip) = for all ip G C£°(0, oo). Then ip satisfies the ordinary differential 
equation (cip') f = ip. In particular cip' is continuous near the origin and (cip')(0 + ) exists. 
But if (cip')(0 + ) 7^ then ip ~ u + as x — > 0+. Since v + G" L oo (0, 1) this contradicts 
the boundedness of ip. Therefore (cip')(0 + ) = 0. Then the assumed growth conditions 
at infinity allow the application of Lemma I4.2I and one deduces that ip = 0. Therefore 
(I + # + )C c °°(0, oo) is dense in Li(0, oo). 

Secondly, consider the restriction if_ of to C£°(— oo,0). Since ja_ G L oo (0, 1) one 
cannot apply the foregoing reasoning to establish that (I + HJ)C™(— oo, 0) is dense in 
Li{— oo,0). It follows, however, from Proposition 14.41 that a + G D(H + ), or o~ + G -D(i? ) 
on Li(R). Since a + G C C °°(R) = D{H\ it follows that cr_ = tr - cx+ G Dill 1 ). Now 
one can define a dissipative extension H_ of iJ_ by D(HJ) = D(HS) + spana_ and 
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H-(<p + {3a^)= H-<p - $ (caL)' for all ip G D(HJ) and (5 G R. Then H D if _ © F+ and 
to deduce that (/+ J ff)C , c oo (R\{0}) is dense in Li(R) it suffices to prove that (I+H_)D(H_) 
is dense in Li(— oo, 0). 

Fourthly, suppose there is a ^ G L^— oo, 0) such that (J + HJ)<&) = for all 
$ = + /3 <r_ G D{HJ). It follows that 

(V, (I + + /5 ((V, o--) - (c</_)')) = 

for all G C c °°(-oo, 0) and all /3 G R. Therefore (V>, {I+H_)cp) = for all p G C c °°(-oo, 0) 
as before. In addition, however, one must have 

(^,/x)-(^,(c/i / ) , ) = 
for all /i = cr_ (modC£°(— oo, 0)). But integration by parts gives 

(V^) = ((c^/i)-(/icV/)(o_) 

again for all \i = cr_ (modC c °°(- oo, 0)). This immediately implies that (c0')(O_) = 0. 
Finally, arguing as above, there is no non-zero bounded ip satisfying (ip, (J + HJ)<p) = 
for all G <? c °°(-oo, °) and ( C V0( -) = °- So ( J + H -) D ( H -) is dense in Li(-oo, 0). □ 

Conditions HI and HT1 of Theorem 11.21 imply that C£°(R) is a core of the generator Hi of 
the submarkovian semigroup S acting on Li(R). This in turn implies that the semigroup 
is conservative. Indeed one has (Hip, 1) = for all ip G C£°(R) and by closure for all 
ip G D(Hi). Then, however, 

j t (S tV ,l) = (H 1 S tV ,l) = 

ip G D(H\). Therefore S must be conservative. Davies [Dav85j . Theorem 2.2, has estab- 
lished a converse statement for a large class of elliptic operators on H d (see also [Pan88j). 

5 Lipschitz coefficients 

In this section we examine operators with a coefficient c G W^'^R) and give a proof of 
Theorem 11.31 The simplest case is for c strictly positive on R\{0} but c(0) = 0. Then the 
VF lo '^°- assumption on c ensures that c(x) = 0(x) as x — > 0±. Thus v± G" £oo(0, 1) and H 
has a unique submarkovian extension by Theorem 11.11111 Another simple situation occurs 
if c(x) = for x < but c(x) > for x > 0. Then the Lipschitz condition means that 
c(x) = 0(x) as x — > + and the uniqueness follows from Theorem 12.711111 To understand 
the general situation one needs information about the extensions of H acting on a finite 
interval with the coefficient degenerate at both endpoints. These extensions have been 
extensively studied by Feller |Fel52j |Fel54j |Fel57j (see also [Man68j ) for H acting on 
the spaces C& and Li using probabilistic arguments and by Ulmet using function analytic 
techniques |Ulm92j . Properties of the Friedrichs extension on L2 have also been analyzed in 
detail by Campiti, Metafune and Pallara [CMP98] . But all self-adjoint extensions can also 
be studied by the methods of the previous sections. The situation for the submarkovian 
extensions is particularly simple. 

Define u(x) = S* %C ~ X - Fix a o e 0° (0,1/2) with < a < 1 and a = 1 in a 
neighbourhood of zero. Then set tq = ctq v. Further define o\ and t\ as the reflections of 
ctq and Tq around the midpoint 1/2 of the interval. 
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Lemma 5.1 Assume c G W 1,o °(0, 1), c > on (0,1) and c(0) = = c(l). Define the 
symmetric operator H on L 2 (0, 1) by Hip = — (ap')' for ip G C£°(0, 1). 

T/ien if has a unique submarkovian extension H F , the Friedrichs extension, and D(H F ) = 
D(H) + spanuo + spanai. 

Proof Since c G W 1,oo (0, 1) one has c(x) = 0(x) as x — > + and c(x) = 0(1 — x) as 
x — > 1_. Therefore z/ is unbounded at both endpoints and 1. Then the proof follows 
the arguments used for the half-line in Section [2J In fact H F (ip + a a + a^i) = Hip — 
ao(ca' )' — ai(ca[)' for all (p G D(H) and a Q ,ai G R in direct analogy with Remark 12.191 
for the half-line and Remark 13.41 for the line. □ 

It also follows under the assumptions of the lemma that (J + H)C^°(0, 1) is dense in 
Li(0, 1). This can be deduced from the argument used in the proof of Lemma [4.21 or from 
Proposition 3.5 of [UMP98j . 

The foregoing lemma is the last element in the proof of Theorem 11.31 

Proof of Theorem 11.31 First, let Z = {x G R : c(x) = 0} denote the zero set of the 
coefficient c. Then L 2 (R) = L 2 {Z) © L 2 (.Z C ). Since H = in restriction to L 2 {Z) we 
only need to analyze the operator on L2(Z C ). Next as c is continuous Z is closed and the 
complement Z c is open. Therefore Z c is the union of a family of disjoint open intervals ij. 

Secondly, H\cooa^ has a unique submarkovian extension Hi by Theorem 12.71 if Ii is 
semi-infinite and by Lemma 15.11 if ij is finite. In both cases Hi is the Friedrichs extension 
and its action is given either by the algorithm of Remark 12.191 or by that of Lemma 15.11 
In particular if ij = (dj, oo) then D(Hi) = D(H l ) + spancr ai where H denotes the L 2 (ij)- 
closure of H\c^(ii) and a ai is a C^°(/j)-function which is equal to one in a neighbourhood 
of dj. Similarly if Jj = (a*, bj) then D(Hj) = D(H )+ span er 0i + span and if ij = (— oo, bi) 
then D(Hi) = Dpi 1 ) + spana 6i . 

Thirdly, set H = @ i H i . Then H is a submarkovian extension of H\c°°(z c ) correspond- 
ing to the Friedrichs extension of H\c^(z c )- m particular D(H) = ^^(Hi) consists of 
the ip = (&i<Pi with ipi G D{Hi) such that Sjdl^lll^j.) + ll-f^ll^^)) < 00 an d then 
Hip = @ i Hi<pi. Now let H denote a second submarkovian extension of H. We will prove 
that H\ D r H j = Hi for each i and thereby deduce that H ~D H. But a self-adjoint operator 
cannot have a proper self-adjoint extension so one must have H = H, i.e. H has a unique 
submarkovian extension. 

If <p G C c °°(ii) C D(H) then Hip = Hip = Hip. Therefore Hip = Hip for all ip G L>(if). 
Next suppose Ii has a finite left endpoint a{ and cr ai G -D(ifj) but cr ai G" Z)(ii ). It 
follows from the proof of Proposition 14.41 (see Remark 14.61) that one may choose a sequence 
cr n ,i G C£°(ij) such that ||er n> j — <7 a J|i — > and ||i?cr n> j + (ccr^ )'||i — > as n — ► oo. Now 
let ifi and iii denote the Li-generators of the submarkovian semigroups generated by H 
and H, respectively. Then H\o ni = Ha n i = H\o n i . But H\ is Z^-closed. Therefore 
o a% G D{H\) and H\o ai = —(ca' a ,)'. In addition a ai and (co^.)' are both in L 2 {U). 
Hence <r 0i G £>(ffi) n L 2 (f;) and H l( j ai = -(c</ G L 2 (ii). Therefore <7 0j G £>(#) 
and Ha ai = H x o ai = —(ca' a .)'. Similarly a ai G D(H) and Ha ai = —(ca' a .)'. Thus one 
concludes that Ha ai = Ha ai . If Ii has a finite right endpoint 6j one concludes similarly 
that -f/a^ = iic^. Therefore H and if are equal on D(Hi). This completes the proof of 
uniqueness of the submarkovian extension. □ 
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